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We address the time decay of the Loschmidt echo, measuring sensitivity of quantum dynamics
to small Hamiltonian perturbations, in one-dimensional integrable systems. Using semiclassical
analysis, we show that the Loschmidt echo may exhibit a well-pronounced regime of exponential
decay, alike the one typically observed in quantum systems whose dynamics is chaotic in the classical
limit. We derive an explicit formula for the exponential decay rate in terms of the spectral properties
of the unperturbed and perturbed Hamilton operators and the initial state. In particular, we show
that the decay rate, unlike in the case of the chaotic dynamics, is directly proportional to the
strength of the Hamiltonian perturbation. Finally, we compare our analytical predictions against
the results of a numerical computation of the Loschmidt echo for a quantum particle moving inside a
one-dimensional box with Dirichlet-Robin boundary conditions, and find the two in good agreement.
PACS numbers: 03.65.Sq, 03.65.Yz, 05.45.Mt
I. INTRODUCTION
Even a tiny perturbation of the Hamiltonian of a quan-
tum systems may significantly alter its time evolution.
Changes in the dynamics of the corresponding unper-
turbed and perturbed systems can be conveniently quan-
tified in terms of the Loschmidt echo (LE) that is defined
as
M(t) =
∣∣m(t)∣∣2 , (1)
with
m(t) = 〈Ψλ2(t)|Ψλ1(t)〉 (2)
being the overlap between two quantum states, |Ψλ1(t)〉
and |Ψλ2(t)〉, resulting from the same initial state
|Ψλ1(0)〉 = |Ψλ2(0)〉 = |Ψ0〉 in the course of the time
evolution under different Hamilton operators, Hλ1 and
Hλ2 respectively. The LE equals 1 at t = 0 and is typi-
cally smaller than 1 at t > 0. Over the past two decades,
the time decay of the LE has been addressed, both ex-
perimentally and theoretically, in a large variety of quan-
tum systems with non-trivial, complex dynamics, and has
been proven an invaluable tool in understanding dynami-
cal properties of these systems. A vast body of literature
on the subject is summarized in review articles [1–3].
Most of the attention on the LE has been directed at
quantum systems whose dynamics is chaotic in the clas-
sical limit. This has to do with the existence of a para-
metric regime, commonly referred to as the Lyapunov
regime, in which the LE of a chaotic quantum system
decays exponentially in time, with the decay rate given
by the average Lyapunov exponent of the underlying clas-
sical system [4–7]. The Lyapunov regimes makes the LE
a valuable tool for identifying signatures of chaotic be-
haviour in the dynamics of quantum systems.
In integrable (regular) systems, unlike in chaotic sys-
tems, the decay of the LE remains far less understood.
Two robust decay regimes have been established ana-
lytically and observed in numerical simulations. The
first regime is characterized by a Gaussian decay of the
LE, M(t) ∼ exp(−constant × t2). It occurs under suffi-
ciently weak Hamiltonian perturbations and takes place
on a time scale inversely proportional to the perturba-
tion strength [8]. The second regime exhibits an alge-
braic decay of the LE, M(t) ∼ t−3d/2, with d being the
dimensionality of the system. The algebraic decay occurs
when the Hamiltonian perturbation is sufficiently strong
and varies rapidly along a typical classical trajectory of
the system [9]. In general, however, the time decay of
the LE in integrable systems is non-monotonic, may be
accompanied by revivals [10] and intervals of temporary
freeze [11], and may exhibit sharp minima and maxima
on short time scales [12].
Surprisingly, numerical simulations have shown that,
in addition to the Gaussian and algebraic decays, inte-
grable systems may also exhibit exponential decay of the
LE [13, 14]. This finding may seem unexpected as the
exponential decay of the LE is normally regarded as a
hallmark of chaotic dynamics. To our knowledge, there
is currently no theoretical model able to quantitatively
explain exponential decay of the LE in integrable sys-
tems.
In this paper, we show analytically that exponential
decay of the LE may occur even in the simplest, one-
dimensional integrable systems. For such systems, we
derive an explicit formula giving the exponential decay
rate in terms of spectral characteristics of the unper-
turbed and perturbed Hamilton operators and the ini-
tial state. In particular, we show that the decay rate is
directly proportional to the strength of the Hamiltonian
perturbation. This linear dependence is to be compared
2with the corresponding rate-vs-strength dependence in
the case of chaotic dynamics: Under weak perturbations,
the decay rate is quadratic in the perturbation strength
(the Fermi-golden-rule regime) [5], while under strong
perturbations, the decay rate is independent of the per-
turbation strength (the Lyapunov regime) [4]. Finally,
using an example system – a quantum particle moving in-
side a one-dimensional box with Dirichlet-Robin bound-
ary conditions – we compare our analytical prediction
against the exact (numerically computed) LE, and find
the two in good agreement.
II. THEORY OF THE EXPONENTIAL DECAY
IN ONE-DIMENSIONAL SYSTEMS
Let Hλ be a family of integrable one-dimensional
Hamiltonians, parametrised by some parameter λ. The
eigenvalues and eigenvectors of Hλ are respectively de-
noted by Eλ(n) and |ψλ(n)〉, where n stands for the quan-
tum number of the one-dimensional system.
In what follows, we consider a parametric regime of
asymptotically small perturbations, in which λ1 = λ and
λ2 = λ + ǫ with |ǫ| ≪ |λ|. The LE amplitude m(t), de-
fined by Eq. (2), can be expressed as a double sum over
the eigenstates of both Hλ and Hλ+ǫ. Using the diag-
onal approximation, corresponding to the leading order
perturbation theory, one arrives at the standard, single
sum approximation to the LE amplitude [15]:
m(t) ≃
∑
n
∣∣ 〈ψλ(n)|Ψ0〉 ∣∣2 ei[Eλ+ǫ(n)−Eλ(n)]t/~ . (3)
Infinite sums, mathematically similar to the one in
Eq. (3), are commonly encountered in studies of time-
domain autocorrelation functions of quantum wave pack-
ets [16, 17].
We analyze the sum in Eq. (3) in the semiclassical limit
of high energies. Motivated by the study of quantum
revivals of the autocorrelation function in Ref. [16], we
consider an initial state that is a linear superposition of
a large number of highly excited states:
∣∣ 〈ψλ(n)|Ψ0〉 ∣∣2 ≃ 1√
2π(∆n)2
exp
[−(n− n0)2
2(∆n)2
]
(4)
with
1≪ ∆n≪ n0 . (5)
We note that, in view of the condition (5), the initial
state is normalized to unity,
∑
n
∣∣〈ψλ(n)|Ψ0〉∣∣2 ≃ 1.
We now assume that, for large enough values of the
quantum number, the energy levels can be asymptotically
expanded as
Eλ(n) ≃ h(n) + g(λ) + f(λ)nν , n≫ 1 . (6)
Here, the terms h(n) and g(λ) are respectively functions
of n and λ only. The term f(λ)nν depends on both n and
λ, and is the first, leading-order term of the expansion
(in powers of 1/n) whose coefficient depends on λ. The
exponent ν is a nonzero real number. We note that it
is the term f(λ)nν that will play a crucial role in the
following analysis.
Expansion (6) approximates the spectrum of a rather
broad class of quantum systems, whose energy levels in
the semiclassical (high-energy) regime can be expanded
into a power series in the quantum number. Some exam-
ples are the motion of a quantum particle confined to the
potential well V (x) = V0|x|α with any real positive α, in-
cluding the harmonic oscillator, and the radial motion of
an electron in the hydrogen-like atom. Furthermore, we
only consider smooth perturbations that do not change
the power series structure of the energy spectrum.
In view of Eq. (6), the phase difference in Eq. (3) be-
comes
Eλ+ǫ(n)− Eλ(n) ≃ ǫg′(λ) + ǫf ′(λ)nν , (7)
where the prime denotes the derivative. The time scale
for which this approximation holds coincides with the
range of validity of the perturbative regime. Then, ex-
panding the right-hand side of Eq. (7) around n0, we
obtain
Eλ+ǫ(n)− Eλ(n) ≃ ǫg′(λ)
+ ǫf ′(λ)nν0
∞∑
k=0
Γ(ν + 1)
Γ(ν − k + 1)k!
(
n− n0
n0
)k
, (8)
where Γ denotes the Euler Gamma function generalising
the factorial.
It is instructive to note that some well known results
for the LE decay can be recovered by truncating the in-
finite sum in Eq. (8) and substituting the truncated sum
into Eq. (3). The Gaussian decay regime is obtained if
one only keeps terms up to the linear one in (n−n0)/n0,
i.e., the two terms corresponding to k = 0 and k = 1. Re-
taining additionally the quadratic term, k = 2, leads to
an algebraic modification of the variance in the Gaussian
regime. As we will show below, the cubic term, k = 3,
gives rise to a new asymptotic decay regime, which fol-
lows the (algebraically modified) Gaussian decay, and in
which the LE decays essentially exponentially in time.
Substituting Eq. (4) and Eq. (8), truncated at k = 3,
into Eq. (3), and replacing the sum by the corresponding
integral, we obtain
m(t) ≃ eiφ
∫
∞
−∞
exp
(
ian3 − bn2 + icn) dn√
2π(∆n)2
(9)
with φ = ǫg′(λ)t/~,
a =
ν(ν − 1)(ν − 2)
6
nν−30 τ ,
b =
1
2(∆n)2
− i
2
ν(ν − 1)nν−20 τ ,
c = νnν−10 τ , (10)
3and
τ =
ǫf ′(λ)t
~
. (11)
The integral in Eq. (9) can be evaluated using the identity
[18]∫
∞
−∞
eiax
3
−bx2+icxdx =
2π
|3a| 13 exp
(
bc
3a
+
2b3
27a2
)
×Ai
[
sgn(a)
|3a| 13
(
b2
3a
+ c
)]
,
(12)
valid for real a and c, and Re b > 0. Here, Ai denotes the
Airy function and sgn(x) is the sign function, defined
as sgn(x) = 1 for x > 0 and sgn(x) = −1 for x < 0.
Focusing on time scale beyond the validity range of the
Gaussian decay regime,
τ ≫ n2−ν0 (∆n)−2 , (13)
and using the identity (12) in Eq. (9), we obtain, to the
leading order in n2−ν0 (∆n)
−2/τ ,
|m(t)| ≃
√
2π
(∆n)2
∣∣∣∣ 2ν(ν − 1)(ν − 2)nν−30 τ
∣∣∣∣
1
3
× exp
[
− 1
(ν − 1)(ν − 2)2
( n0
∆n
)2]
×Ai
[
sgn
(
ν − 3
ν − 1
) |ν − 3|
|ν − 1| 13
( |ν|nν0τ
2(ν − 2)2
) 2
3
]
.
(14)
We now assume that ν < 1, which guaranties the argu-
ment of the Airy function in Eq. (14) be strictly positive.
Then, in view of conditions (5) and (13), we use the large
argument asymptotics of the Airy function [19],
Ai(x) ≃ 1
2
√
πx
1
4
exp
(
−2
3
x
3
2
)
, x≫ 1 , (15)
and obtain the following approximate expression for the
LE:
M(t) ≃ A
t
e−γt , (16)
with
γ =
2|ν|
3(ν − 2)2
√
|ν − 3|3
|ν − 1|
|ǫf ′(λ)|nν0
~
(17)
and
A =
n2−ν0 (∆n)
−2
~√
ν2(ν − 1)(ν − 3) |ǫf ′(λ)|
× exp
[
− 2
(ν − 1)(ν − 2)2
( n0
∆n
)2]
. (18)
Equations (16–18) constitute the main analytical re-
sult of the present paper. Equation (16) shows that the
LE may decay exponentially in time (not taking into ac-
count an algebraic prefactor) even in quantum systems
whose counterpart classical dynamics is not chaotic, and
as simple as that of a one-dimensional conservative sys-
tem.
III. PARTICLE IN A BOX WITH
DIRICHLET-ROBIN BOUNDARY CONDITIONS
FIG. 1: (Color online) Particle in a one-dimensional box with
Dirichlet-Robin boundary conditions.
We now illustrate our theory by considering dynamics
of a quantum particle trapped inside a one-dimensional
box, 0 < x < 1. The particle state |Ψ(t)〉 evolves accord-
ing to the free-particle Schro¨dinger equation,(
i∂t + ∂
2
x
) 〈x|Ψλ(t)〉 = 0 , (19)
subject to Dirichlet boundary condition at x = 0 and
Robin boundary condition at x = 1 (see Fig. 1),
〈x|Ψλ(t)〉
∣∣
x=0
= 0 , (20)
(∂x + λ)〈x|Ψλ(t)〉
∣∣
x=1
= 0 . (21)
Hereinafter, we set ~ = 1 and m = 1/2. We address
the time decay of the LE, defined by Eq. (1), due to a
small perturbation of the real-valued control parameter
λ, i.e., λ1 = λ and λ2 = λ+ǫ specify the unperturbed and
perturbed systems respectively. We take the initial state,
|Ψλ1(0)〉 = |Ψλ2(0)〉 = |Ψ0〉, to be given by a Gaussian
wave packet
〈x|Ψ0〉 =
(
1
πσ2
) 1
4
exp
(
ip0(x− x0)− (x− x0)
2
2σ2
)
.
(22)
Here, x0 and p0 correspond to the initial average position
and momentum of the particle respectively, and σ quan-
tifies the spatial dispersion of the wave packet. Provided
0 < x0 < 1 and σ ≪ x0, (1 − x0), the entire probability
density is well localized within the box and the boundary
conditions (20) and (21) are satisfied with exponentially
high accuracy. We use the values x0 = 0.5 and σ = 0.01
in all our numerical examples.
Eigenstates |ψλ(n)〉 and energy levels Eλ(n) ≡ z2λ(n)
of the system are determined by the equation[
∂2x + z
2
λ(n)
] 〈x|ψλ(n)〉 = 0 for n ∈ N , (23)
4along with the boundary conditions (20) and (21). Writ-
ten out explicitly, the orthonormal eigenstates are
〈x|ψλ(n)〉 =
√
2
[
1− sin
(
2zλ(n)
)
2zλ(n)
]
−
1
2
sin
(
zλ(n)x
)
,
(24)
where the energy levels are determined by solutions of
the transcendental equation
zλ(n) cos zλ(n) + λ sin zλ(n) = 0 . (25)
Equation (25) can be straightforwardly solved numeri-
cally, to a high degree of accuracy, for any desired range
of n. For our purposes, it proved sufficient to compute the
first 350 eigenstates and eigenlevels of the unperturbed
and perturbed systems.
In terms of the eigenstates and eigenlevels, the expres-
sion for the LE takes the form
M(t) =
∣∣∣∣∣
∑
n,m
〈Ψ0|ψλ2(m)〉〈ψλ2(m)|ψλ1(n)〉
× 〈ψλ1(n)|Ψ0〉 e−i
[
z2
λ1
(n)−z2
λ2
(m)
]
t
∣∣∣∣∣
2
. (26)
Here, the amplitude of the overlap between the unper-
turbed and perturbed eigenstates can be written, using
Eq. (24) together with the boundary conditions (20) and
(21), as
〈ψλ2(m)|ψλ1(n)〉 = (λ1 − λ2)
〈1|ψλ1(n)〉〈ψλ2(m)|1〉
z2λ1(n)− z2λ2(m)
.
(27)
We note that, for a sufficiently weak perturbation ǫ, the
right-hand side of Eq. (27) can be well approximated by
the Kronecker’s symbol δm,n, and, consequently, the ex-
pression for the LE amplitude can be reduced to Eq. (3).
More accurately, however, the value of the LE,M(t), can
be obtained by substituting Eqs. (22), (24), and (27) into
Eq. (26), and numerically evaluating the overlap ampli-
tudes 〈ψλ(n)|Ψ0〉 and the sums in Eq. (26).
Figure 2 presents three LE decay curves in the system
with λ = 1 under the perturbation ǫ = 0.01. The ini-
tial Gaussian state is specified by the average position
x0 = 0.5 and spatial dispersion σ = 0.01. Three values
of the average momentum are considered: p0 = 300 (red
solid curve), p0 = 400 (green solid curve), and p0 = 500
(blue solid curve). All three curves exhibit well pro-
nounced regions of nearly exponential decay featuring a
LE drop over 3-4 orders of magnitude. It is interesting to
note that the exponential decay persists over very long
time intervals, corresponding to approximately 109−1010
periods of the underlying classical oscillation.
In order to compare the numerically obtained LE de-
cay curves with the analytical predictions of the previ-
ous section, we evaluate the exponential decay rate γ in
accordance with Eq. (17). To this end, we expand the
energy eigenlevels, Eλ(n) = z
2
λ(n), into a series of the
0 0.5 1 1.5 2
x 108
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FIG. 2: (Color online) Time decay of the LE for a parti-
cle moving inside a one-dimensional box with Dirichlet-Robin
boundary conditions. The system, perturbation, and the ini-
tial state are characterized by the following set of parameters:
λ = 1, ǫ = 0.01, x0 = 0.5, σ = 0.01, and p0 = 300 (red), 400
(green), 500 (blue). Solid curves represent the numerically ex-
act LE. Straight dashed lines of the corresponding color show
the trend of the exponential decay, e−γt, with γ computed in
accordance with Eqs. (37). See text for details.
form (6) for large n. We first write zλ in terms of a new
quantity ζλ as
zλ(n) = π
(
n− 1
2
)
+ ζλ(n) . (28)
Then, substituting Eq. (28) into Eq. (25), we obtain(
π − n−1π
2
+ n−1ζλ
)
sin ζλ = n
−1λ cos ζλ . (29)
Since ζλ → 0 as n−1 → 0, we look for ζλ in the form of
the following power series in n−1:
ζλ = n
−1Aλ + n
−2Bλ + n
−3Cλ +O(n−4) . (30)
Substituting Eq. (30) into Eq. (29), expanding both sides
of the resulting equation into power series in n−1, and
then matching the expansion coefficients on both sides of
the equation, we find
Aλ =
λ
π
, (31)
Bλ =
λ
2π
, (32)
Cλ =
λ
4π
− λ
2
π3
− λ
3
3π3
. (33)
Then, using Eqs. (30–33) into Eq. (28), we get
zλ(n) =πn− π
2
+
λ
πn
+
λ
2πn2
+
(
λ
4π
− λ
2
π3
− λ
3
3π3
)
n−3 +O(n−4) . (34)
5Raising zλ to the second power, we obtain
Eλ(n) = π
2
(
n− 1
2
)2
+2λ−
(
1 +
2
3
λ
)
λ2
π2n2
+O(n−3) .
(35)
Comparing Eq. (35) with Eq. (6), we conclude that, for
the system of a particle moving inside a one-dimensional
Dirichlet-Robin box,
ν = −2 and f(λ) = −
(
1 +
2
3
λ
)
λ2
π2
. (36)
Finally, a substitution of Eq. (36) into Eq. (17) leads to
the following explicit formula for the decay rate:
γ =
5
6π2
√
5
3
|(1 + λ)λǫ|
n20
. (37)
The value of n0 can be computed numerically as
n0 =
∑
n n
∣∣〈ψλ(n)|Ψ0〉∣∣2. For the three cases presented
in Fig. 2, we obtain n0 ≃ 96 for the initial state with
p0 = 300 (red curve), n0 ≃ 128 for p0 = 400 (green
curve), and n0 ≃ 160 for p0 = 500 (blue curve). A sub-
stitution of these values of n0, along with λ = 1 and
ǫ = 0.01, yields the corresponding values of the decay
rate γ. Dashed lines in Fig. 2 present the trend of the
exponential decay, e−γt, for each of the three cases. It
is evident that Eq. (37) (or, equivalently, Eq. (17)) pro-
vides a very good estimate for the rate of the exponential
decay of the LE.
Finally, we note that the quantum number dispersion,
∆n, evaluated as (∆n)2 =
∑
n(n − n0)2
∣∣〈ψλ(n)|Ψ0〉∣∣2,
approximately equals 23 for all three initial states con-
sidered in this section. This value is consistent with con-
dition (5), which is one of the central assumptions of our
theory.
IV. DISCUSSION AND CONCLUSION
In this paper we have developed an analytical theory
of the long-time exponential decay of the Loschmidt echo
(or fidelity) in one-dimensional integrable quantum sys-
tems under the action of integrable perturbations. In
particular, we have shown that, in the integrable case,
the rate of the exponential decay γ is proportional to the
perturbation strength |ǫ|. This is to be contrasted with
the γ versus ǫ dependence typically observed in quan-
tum systems whose dynamics is chaotic in the classical
limit: γ ∝ |ǫ|2 for weak perturbation (Fermi-golden-rule
regime) and γ ∝ |ǫ|0 for strong perturbations (Lyapunov
regime). It is interesting to note that the linear depen-
dence of the decay rate on the perturbation strength,
γ ∝ |ǫ|1, has been also observed in a quantum system
with chaotic classical counterpart under the action of a
local perturbation [20]. We think it is important to ex-
plore the connection between this work and our results.
As a test of our analytical formulas we have applied our
theory to the system of a quantum particle moving in-
side a one-dimensional box with Dirichlet boundary con-
dition on one end and Robin boundary condition on the
other. The Robin control parameter was used to induce
a perturbation. We have shown the system to exhibit a
well pronounced regime of an exponential decay of the
Loschmidt echo, and found a good agreement between
the analytically predicted and numerically observed val-
ues of the decay rate.
Exponential decay of the Loschmidt echo in integrable
systems has been previously addressed by numerical sim-
ulations. The exponential decay regime was clearly ob-
served in Ref. [13], however no clear relation between
the decay rate and the perturbation strength was found.
We attribute this to their particular choice of the initial
state, at variance with the semiclassical condition (5). In
Ref. [14], the exponential decay regime was found to be a
transient from the short-time Gaussian to the long-time
power law decay. This is not in contradiction with our
result. Our theory, in addition to explaining the physical
origin of the exponential decay regime, provides an ex-
plicit formula for the decay rate, and, in particular, gives
the dependence of the decay rate on the perturbation
strength.
More generally, the current study emphasises the ben-
efit of using the Loschmidt echo as a tool for analyzing
the long time asymptotics of quantum dynamics in the
semiclassical regime. We have found that the Loschmidt
echo may decay exponentially even in one-dimensional
quantum systems. This can be related to the structural
instability of the corresponding classical integrable sys-
tems. A natural way to extend our approach is to ad-
dress higher dimensional systems. One of the central
challenges of such a study is the necessity to account
for quasi-degeneracies of the energy spectrum, generic in
many dimensional integrable systems.
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